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The Ising model, with short-range interactions between constituents, is a basic
mathematical model in statistical mechanics [1]. It has been widely used to describe
collective phenomena such as order-disorder phase transitions in various physical, bi-
ological, economical, and social systems. However, it was proven that spontaneous
phase transitions do not exist in the original one-dimensional Ising models [2]. Be-
sides dimensionality, frustration is the other well-known suppressor of phase transi-
tions [3]. Here I show that surprisingly, a strongly frustrated one-dimensional two-leg
ladder Ising model can exhibit a marginal finite-temperature phase transition. It fea-
tures a large latent heat, a sharp peak in specific heat, and unconventional order pa-
rameters, which classify the transition as involving an entropy-favored intermediate-
temperature ordered state and further unveil a crossover to an exotic “normal state”
in which frustration effectively decouples the two strongly interacted legs in a counter-
intuitive non-mean-field way. These exact results expose a mathematical structure that
has not appeared before in phase-transition problems, and shed new light on our un-
derstanding of phase transitions and the dynamical actions of frustration. Applications
of this model and its mechanisms to various systems with extensions to consider higher
dimensions, quantum characters, or external fields, etc. are anticipated and briefly
discussed—with insights into the puzzling phenomena of strange strong frustration [4]
and intermediate-temperature orders such as the Bozin-Billinge orbital-degeneracy-
lifting [5] recently discovered in real materials.
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2The Ising model consists of individuals that have one of two values (+1 or −1, e.g., open or
close in neural networks, buy or sell in financial markets, yes or no in voting, magnetic moments
of atomic spins pointing to the up or down direction, etc.). The individuals interact according to
the simple rule that neighbors with like values are rewarded more than those with unlike values
(Rule #1). Therefore, the society tends to form the order in which all the members have the same
value. This tendency is however disturbed by heat, which favors the free choice of the values.
The central question of the model is whether a spontaneous phase transition between the high-
temperature disordered state and the low-temperature ordered state exists at a finite temperature.
In his 1924 doctoral thesis, Ernst Ising solved the model for spins localized on a one-dimensional
(1D) single chain and found no phase transition [6]. The 2D square-lattice Ising model, which is
much harder to be solved exactly, is generally referred to as one of the simplest statistical models
to show a finite-temperature phase transition [7]. Crossover from one to two dimension was often
described with n-leg spin ladders (i.e., n coupled parallel chains; n→∞ is the 2D limit) [8], and
again no phase transition was found for finite n [9]. In fact, the Perron–Frobenius theorem implied
the nonexistence of phase transitions in 1D Ising models with short-range interactions [2]. The
mathematical structure of phase transitions is the non-analyticity of the system’s thermodynamic
free energy f(T ) where T denotes temperature. A kth-order phase transition means that the kth
derivative of f(T ) starts to be discontinuous at the transition. The exactly solved 1D Ising mod-
els on both the single chain [1] and ordinary few-leg ladders [9] offer examples of analytic free
energies. Nevertheless, the theorem does not exclude the possibility that a 1D Ising model with
short-range interactions can be arbitrarily close to a mathematically strict transition. For exam-
ple, the smoothness of the free energy may occur in less than one nano-kelvin (10−9 K) between
two regions of f(T ) with very different slopes. This would generate a super-sharp peak in heat
capacity measurement and be characterized as a phase transition, which is referred to as marginal
phase transition (MPT) from now on. Little is known about MPT in the Ising models including
its existence and pertinent features. Here, I present a frustrated yet simple 1D Ising model that
exactly exhibits a finite-temperature MPT.
A common twist of the Ising model adopts the opposite rule, namely neighbors with like val-
ues are rewarded less than those with unlike values (Rule #2). Accordingly, the ordered state has
alternating values if such an arrangement can be made, such as +1/−1/+1/−1/+1/−1 · · · on a 1D
chain lattice, the checkerboard pattern on the 2D square lattice, etc. However, there are numer-
ous situations where the between-neighbor interactions cannot be simultaneously satisfied. The
3standard example is a spin triangle (Fig. 1a) where two spins have opposite values, then it is im-
possible for the third spin to have the opposite value to both of them. This phenomenon is called
geometrical frustration. With no clear path to ordering, the commonly known effect of frustration
is to dramatically suppress Tc (the critical T at the phase transition) despite strong interactions, as
seen in many frustrated magnets [3]. Hence, frustration has been regarded as a driver for achieving
spin liquids, which do not order down to zero temperature [3, 4, 10].
In this paper, I reveal a different effect of frustration that drives a MPT in a 2-leg ladder Ising
model with trimer rungs (Fig. 1b) or equivalently triangular rungs (Fig. 1a; hence the source of
frustration is more obvious). I will show how this simplest form of frustration helps the free
energy become marginally analytic, namely the free energy has such a special mathematically
analytic form that the change in its first derivative between nearly 0 and ln 2 per trimer can occur
within an arbitrarily narrow temperature region. The resulting MPT is classified as the first-order
transition to an entropy-driven intermediate-temperature order with large latent heat (Fig. 1c).
Moreover, there exists a crossover to an exotic high-temperature phase in which the two strongly
interacted spin chains are effectively decoupled by strong frustration, resulting from the non-mean-
field dynamics of the spin trimers. Finally, I will address the extension of the model and the
realization of the above novel effects of frustration in real materials.
The model is defined as
H =−
N∑
i=1
[J(σi,1σi+1,1 + σi,2σi+1,2) + J
′(σi,1σi,3 + σi,2σi,3) + J ′′σi,1σi,2]
−B
N∑
i=1
µB (g1σi,1 + g2σi,2 + g3σi,3), (1)
where σi,m = ±1 denotes the spins on themth site of the ith rung of the ladder and σN+1,m ≡ σ1,m
(i.e., the periodic boundary condition). N is the total number of the rungs and we are interested
in the thermodynamical limit N → ∞. Each rung has three sites with m = 1, 2 on the two legs
and m = 3 at the middle of the rung (Fig. 1b). J is the nearest-neighbor interaction along the
legs, J ′′ the interaction that directly couples the two legs, and J ′ the interaction that couples the
middle spin to the two outer spins (J ′ = 0 reduces the system to the ordinary 2-leg ladder). The
parameter space for strong frustration can be estimated from the J = 0 limit, in which the system
is reduced to decoupled trimers or triangles: J ′′ < 0 (Rule #2) and |J ′| ≈ |J ′′|. In the following,
the frustration is parameterized by
α =
|J ′| − |J ′′|
|J | . (2)
4The smaller the magnitude of α, the stronger the frustration. To be complete, B is the external
magnetic field, µB the Born magneton, and gm the Lande´ g-factors. However, they are irrelevant
in this paper, as we are interested in spontaneous phase transitions at B = 0.
This model can be solved exactly by using the transfer matrix method [1, 9] (c.f., the Method
section). An elegant form of the largest eigenvalue of the 8× 8 transfer matrix is given by
λ = 2I+
[
cosh(2βJ) +
√
1 + (I−/I+)2 sinh
2(2βJ)
]
, (3)
where β = 1/kBT with T being the temperature and kB the Boltzmann constant, and
I± = eβJ
′′
cosh(2βJ ′)± e−βJ ′′ . (4)
I± do not dependent on J explicitly, while λ depends explicitly on J ′ and J ′′ solely via I±. Thus,
I± will be referred to as the frustration functions from now on. Note that the equations of (3)
and (4) are invariant upon the transformation of J → −J or J ′ → −J ′ (i.e., Rules #1 and
#2 are interchangeable), but they are not for J ′′ → −J ′′: only J ′′ < 0 (Rule #2) introduces
frustration. The thermodynamical properties can be retrieved from the partition function Z = λN ,
the free energy per trimer f(T ) = −kBT lnλ, the entropy S = −∂f/∂T , and the specific heat
Cv = T∂S/∂T .
Fig. 2b shows a sharp peak in the exact specific heat for α = 0.05 (blue line), indicating the
existence of a MPT. In comparison, the three typical unfrustrated cases, namely (i) α = 3 or
governed by J ′ (orange line), (ii) J ′ = 0 the ordinary 2-leg ladder governed by J ′′ (green line),
and (iii) J ′ = J ′′ = 0 the decoupled double chains (red line), do not show such a sharp peak.
To understand what is happening, let us look into Eq. (3). At a glance, Eq. (3) and thus f(T ) are
analytic. This is a direct consequence of the fact that the transfer matrix, made up from Boltzmann
factors, i.e., exponentials, is always strictly positive, irreducible, and analytic [9]. However, Eq. (3)
has a special mathematical structure: Firstly, as defined in Eq. (4), the frustration functions I+ ≥ 1
but I− changes sign at
Tc = |J | 2α
kB ln 2
(5)
for J ′′ < 0 and |J ′| ≥ |J ′′| (i.e., α ≥ 0).
Secondly, (I−/I+)2 in Eq. (3) has a prefactor of sinh2(2βJ), which scales as 21/α in the vicinity
of Tc. So, if Eq. (3) is approximated by neglecting 1 inside
√· · · for the strong frustration of
α 1,
λ ' 2I+ cosh(2βJ) + 2|I−| sinh(2β|J |), (6)
5which becomes non-analytic. The difference between Eq. (3) and Eq. (6) takes place in a region
of (Tc − δT, Tc + δT ), where δT can be estimated by |I−/I+| sinh(2β|J |) = 1 near Tc, yielding
δT = |J | 8α
kB(ln 2)2
2−1/α. (7)
δT exponentially approaches to zero as a function of α. For example, given a typical |J | = 300 K
(room temperature), δT ≈ 0.5, 0.2×10−3, 0.1×10−9, and 0.4×10−30 K for α = 0.1, 0.05, 0.025,
and 0.01, respectively. Fig. 2a compares the free energies per trimer f(T ) obtained from using
Eq. (3) and Eq. (6) for α = 0.05; they differ within sub-millikelvins for |J | = 300 K when the
slope changes from near 0 to near −kB ln 2. Hence, Tc is the critical temperature for the MPT. It
is a first-order transition with the large latent heat of kBTc ln 2 per trimer.
Fig. 2c show the temperature dependence of the exact entropy S = −∂f/∂T for the same
four cases as Fig. 2b. The strongly frustrated case for α = 0.05 (blue line) shows a waterfall
behavior at Tc, where the entropy falls vertically (within 2δT ) from a plateau at ln 2 down to zero.
Its low-T zero-entropy behavior is in line with the unfrustrated case for α = 3 (orange line),
while its intermediate-T ln 2-plateau behavior is in line with the ordinary 2-leg ladder case for
J ′ = 0 (green line) where the middle spins are completely decoupled from the system and thus
yield the specific entropy of ln 2. This offers a hint to the nature of the MPT: it is an entropy-
driven transition, in which the middle spins are tightly coupled to the two outer spins on the
legs in the low-T region because |J ′| > |J ′′|, but they are decoupled from the outer ones in the
intermediate-T region just above Tc thanks to the jumping contribution of entropy in terms of
−TS to the free energy. Mathematically, in the temperature region near Tc, one can estimate
from Eq. (6) that λ ≈ eβ(2J+2J ′+J ′′) below Tc − δT and λ ≈ 2eβ(2J−J ′′) above Tc + δT , i.e., the
low-T region is controlled by J ′, while the intermediate-T region is controlled by J ′′ < 0 with
the decoupled middle spin contributing the factor of 2 to λ and ln 2 to entropy. Moreover, in the
high-T region beyond the ln 2 plateau, the entropy does not continue following the ordinary 2-
leg ladder case (green line) but behaves closer to the decoupled double chains for J ′ = J ′′ = 0
(red line). A similar behavior also shows up in the high-T region of the specific heat (Fig. 2a),
indicating that frustration effectively decouples the chains. We shall come back to understand this
strange behavior soon.
For the revealed three T -region behavior of the specific entropy, Eqs. (5) and (7) determine
that the MPT itself is a sole function of α. This is demonstrated in Fig. 2d for fixed α = 0.05
but with different J ′′, which directly couples the two legs: The lines overlap in the first two T -
6regions surrounding the waterfall at Tc. In contrast, in the high-T region, the detail behavior of
spin frustration is sensitive to J ′′ (and J ′ shown below). It is understandable that as |J | and |J ′′|
decreases, the entropy moves up to be closer to the case of the decoupled double chains. What is
strange is why the chains with strong inter-chain interactions also appear to be decoupled.
To find an appropriate order parameter that describes the three T regions and the associated
transitions, we proceed to calculate the spin-spin correlation functions, which allow us to have
detailed site-by-site information:
Cmm′(L) = 〈σ0,mσL,m′〉T =
∑
ν
(
λν
λ
)L
〈max|σ0,m|ν〉〈ν|σL,m′ |max〉, (8)
where 〈· · · 〉T denotes the thermodynamical average, |max〉 is the eigenvector of the transfer matrix
corresponding to the largest eigenvalue λ and |ν〉 is the eigenvector corresponding to the νth
eigenvalue λν . So, Cmm′(∞) = 〈max|σ0,m|max〉〈max|σ∞,m′ |max〉.
As shown in Figs. 3c and 3d, the behavior of intra-chain correlationC11(L) as a function of both
T and L (blue lines) is closer to the decoupled double chains of J ′ = J ′′ = 0 (red lines), consistent
with the specific heat (Fig. 2b) and the entropy data (Fig. 2c). The data of the unfrustrated yet
strongly coupled chains for both α = 3 (orange lines) and J ′ = 0 (green lines) cases move to
considerably higher temperatures, suggesting that the chain decoupling is related to the energy
cost for attempts to break the order.
The conventional choice of the order parameter is the magnetization 〈σi,m〉T =
√
Cmm(∞) =
〈max|σ0,m|max〉 = 0 at finite T . This agrees with the theorems about the nonexistence of finite-T
phase transition in 1D Ising models with short-range interactions [2]. Hence, the magnetization
cannot be used as the order parameter for the MPT. Instead, let us look at the on-rung correlation
function Cmm′(0) = 〈max|σi,mσi,m′|max〉:
C12(0) = − ∂f(T )
∂J ′′
=
(I−/I+) cosh(2βJ)[
1 + (I−/I+)2 sinh
2(2βJ)
] 1
2
, (9)
C13(0) = C23(0) =− 1
2
∂f(T )
∂J ′
= tanh(2βJ ′)(1 + C12(0))/2. (10)
C12(0), the correlation between two outer spins on the legs, is proportional to the frustration func-
tion I− and changes sign at Tc (exactly zero at Tc). Because of the exponentially large cosh(2βJ)
and sinh(2β|J |) near Tc, C12(0) ≈ sgn(I−) coth(2β|J |) ≈ +1 below Tc and −1 above Tc, as
shown in Fig. 3a (blue line for α = 0.05). Below Tc, the blue line overlaps with the unfrustrated
J ′-dominated case of α = 3 (orange line). In the intermediate-T region, it shows a plateau and
7overlaps with the unfrustrated J ′′-dominated ordinary 2-leg ladder case (green line). That is, the
two outer spins changes from having like values in the low-T region to having unlike values in the
intermediate-T region. What is remarkably new to learn now is that for the high-T region, while
remaining negative, the blue line of C12(0) does not continue following the green line, which
gradually decays to zero as temperature increases. Instead, it decays significantly faster with an
inflection point at T ∗ ≈ 0.88 before gradually decaying to zero. Yet, withC12(0) ≈ −0.82 at T ∗, it
is still far away from the zero red line for the case of the completely decoupled double chains. The
two chains seem to be strongly coupled. How can we reconcile this with the effective decoupling
seen in the above thermodynamic properties and the intra-chain correlation functions?
The answer is Eq. (10) for C13(0) and C23(0), the correlations between the middle spin and the
two outer spins on the same rung. They are equal by symmetry. Since C12(0) just told us that spin
1 and spin 2 on the same rung strongly want to have unlike values, it would have been expected in
static mean-field theory that C13(0) and C23(0) should have opposite signs; considering that they
are required to be equal by symmetry, they should be zero. Indeed, in the intermediate-T region,
C13(0) is nearly zero (blue line in Fig. 3b). However, as soon as the temperature increases beyond
the intermediate-T region, C13(0) jumps up, meanwhile the magnitude of C12(0) decreases (blue
line in Fig. 3a). This means that the middle spin starts to re-couple to the outer spins to gain energy
at the expense of C12(0), following the astonishing near-linear relationship of Eq. (10). The total
energy within one trimer −J ′′C12(0)− J ′C13(0)− J ′C23(0) remains nearly unchanged in a wide
range of temperatures (dashed line in Fig. 3b), which indicates that the trimers can self-organize
to relieve energy cost in their value-changing dynamics. Sizable C13(0) = C23(0) encourages the
two outer spins to have like values, which counters negative C12(0). The net effect is decoupling
the two legs.
The correlation length of the two-spin quantities σi,mσi,m′ is infinite at Tc, since the four-
spin correlation function limL→∞〈σ0,mσ0,m′σL,m′′σL,m′′′〉T = Cmm′(0)Cm′m′′(0) is not vanishing.
Therefore, Cmm′(0) are bona fide order parameters. To check with the ordinary ladders, Figs. 3a
and 3b show that C12(0) and C13(0) can be finite for the other three unfrustrated cases; however,
they do not change sign or they are vanishing only at T = ∞. This means that using Cmm′(0) as
the order parameters for the ordinary unfrustrated cases still satisfies the theorems that no phase
transitions take place at finite temperature in those systems. Therefore, the unconventional order
parameters Cmm′(0) can unify the description of both the ordinary 2-leg ladder system and the
unconventional phase transitions in the present frustrated ladder Ising model.
8The phase diagram in terms of the unconventional order parameter C12(0) is shown in Fig. 1c.
The frustrated 2-leg ladder Ising model can have three phases for 0 < α < 0.15: (i) the low-
T phase (red zone) is governed by J ′ forcing the two outer spins on the same rung to have like
values. (ii) The intermediate-T phase (purple zone) is governed by J ′′ forcing the two outer
spins on the same rung to have unlike values and the middle one to be decoupled. The transition
between the two phases is an entropy-driven MPT of the first order and with large latent heat.
(iii) The exotic high-T phase (blue-green zone) is governed by the dynamics of the frustration.
The second transition is a crossover and reveals itself via the phenomenon of frustration-driven
decoupling of the strongly interacted chains. The microscopic mechanism for the decoupling is
illustrated in Fig. 1c: The high energy cost associated with the thermal activated flipping of a spin
in the strongly interacted double chains can be relieved in the trimer dynamics by flipping the
middle spin cooperatively. The exact result of sizeable nonzero C13(0) = C23(0) demonstrates
that the middle spin is not a slave to the mean field generated by the two outer spins, but they
have equal rights. The dynamics of the trimers exhibits the art of compromise and finds the way
to have created a triple-win workplace in which every neighboring bond gains an optimized share
of rewards.
Like the Ising model, frustration describes a generic phenomenon in various many-body sys-
tems, not just pertinent to spin systems or magnetic materials. In the nature, besides the spin degree
of freedom, electrons have charge and orbital degrees of freedom, which can be frustrated as well,
e.g., the charge frustration in the tetrahedron network of Fe3O4 and CuIr2S4 [5]. In solids, except
for the atomic s orbitals, the other p-, d-, f -shell orbitals are highly directional and are likely not
to be satisfied simultaneously by lattice geometry, leading to orbital frustration. Recently, Bozin,
Billinge, and coworkers discovered a strange fluctuating orbital-degeneracy-lifted state at inter-
mediate temperature in CuIr2S4 and more and more other materials with active orbital degrees of
freedom [5, 10]. This orbital-degeneracy-lifting is not a conventional, fluctuating or short-range
ordered continuation of the lower-temperature long-range order. According to the present results,
the entropy-driven transition to an intermediate-temperature partially ordered state has a chance to
emerge in materials with frustrated orbital degrees of freedom. It is yet to be seen how exactly this
idea could be applied to understand the Bozin-Billinge orbital-degeneracy-lifting.
Given the prominent roles of the Ising model and frustration in understanding collective phe-
nomena in various physical, biological, economical, and social systems, we anticipate that the
present new insights to phase transitions and the dynamical actions of frustration will stimulate
9immediate wide applications of the present model and novel mechanisms—with extensions to
consider higher dimensions, quantum characters, or the influences of external fields, etc. The fun-
damental questions as to how those additional factors will affect, and be affected by, the present
frustration-driven unconventional phase transitions are largely unknown unknowns. For example,
the Mermin–Wagner theorem [11] rules out the phase transitions to a long-range order in 1D or 2D
isotropic Heisenberg models for quantum spins with short-range interactions. But, do MPTs exist
in those systems? As another example, frustration has been often used to help achieve quantum
spin liquids, which do not order down to zero temperature [3, 4, 10]. Would the present discovery
of frustration’s ability to drive MPTs imply a constraint to such efforts? As yet another example,
the MPT is not a phase transition of Onsager type obtained in the 2D square-lattice Ising model [7].
The latter is expected to be suppressed by the conventional effect of frustration. Will the MPT and
the Onsager transition meet in the parameter space and how would they interact with each other?
Asking for desired ways to extend the present model to two dimension, I stress on the mo-
tif that J = 0 reduces the model to decoupled trimers. Therefore, naive stacking of the 2-leg
ladder vertically, just like ordinary n-leg ladders, would forfeit the motif. One good candidate
is the brick-wall lattice, which is the square lattice with 25% vacancies (Fig. 4a). The crossover
from one to two dimension can be studied with the 2n-horizontal-chain brick-wall model with
the periodic boundary condition along the vertical direction. In fact, the minimal n = 1 case is
exactly the present 2-leg ladder model with trimer rungs. The 2D brick-wall lattice structure was
seen in the iron-based superconductor KFe1.5Se2; however, for the lattice to be trimer-frustrated,
the condition of α  1 should be fulfilled. A conformationally equivalent structure of the brick
wall is a decorated honeycomb lattice (Fig. 4b), which was seen in Ba4Ir3O10. The material was
reported to possess strange strong frustration and behaviors of decoupled chains—the decoupling
was attributed to weak inter-chain interactions [4]. The present results suggest a different scenario
that the decoupling and the strong frustration originate from the novel effects of strong interactions
among the trimer spins. Nevertheless, we caution that to testify that the present mechanisms of
frustration applies to Ba4Ir3O10, calculations based on the 2D models of Fig. 4 or in the fashion of
the 1D-2D crossover must be done. In addition, the effective spins of the Ir atoms are quantum,
which means that the extension to include transverse interactions is necessary. With those being
said, the microscopic mechanism of utilizing strong frustration to lower the energy cost of flipping
spins on the chains and thus effectively decoupling the chains seems quite generic. This would
also apply to the quantum spin flipping. In this regard, the measurement of the spin excitation
10
spectrum of Ba4Ir3O10 is highly desirable and critically important.
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FIG. 1. The model and the phase diagram. The 2-leg ladder with (a) triangle rungs or (b) trimer rungs,
where the balls stand for the spins and the bonds for the interactions J , J ′, and J ′′. The two ladders are
equivalent. Spin frustration is illustrated in the leftmost triangle rung of (a): when the two end spins have
opposite values, the middle one has no preference despite strong interactions. (c) The color map of the order
parameter C12(0) as a function of temperature T and the frustration parameter α = (|J ′| − |J ′′|)/|J |. Red
stands for the nearly +1 region governed by J ′ (where spin1 and spin 2 on the same rung have like values),
purple stands for the nearly −1 region governed by J ′′ (where spin 1 and spin 2 on the same rung have
unlike values and spin 3 is decoupled). The transition between them is very sharp with Tc = 2α|J |/kB ln 2
for strong frustration 0 < α < 0.15. The bluish-to-greenish region is the exotic high-T phase where
frustration effectively decouples the two legs of the ladder. The microscopic mechanism of the decoupling
is illustrated with two kinds of spin flip, which are marked by the red circles: The spin flip that does not
involve the middle spin (bottom left) costs the energy of 4|J | + 2|J ′′|. The spin flip in the high-T phase
(top), for which the middle spin responds cooperatively, costs the energy of 4|J | + 2|J ′′| − 2|J ′| ≈ 4|J |,
similar to the case of two decoupled chains. In the illustrations, J < 0 and J ′ < 0 are used without loss of
generality. J ′′ = −3 and |J | is the energy unit.
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(a) (b)
(c) (d)
FIG. 2. Temperature dependence of thermodynamical properties. (a) The free energy per trimer for
α = 0.05 obtained from using the exact solution Eq. (3) (blue) and the approximate one Eq. (6) (orange).
(b) Specific heat and (c) entropy per trimer for four sets of model parameters. (d) Entropy per trimer for
fixed α = 0.05 and four different values of J ′′. J ′′ = −3 unless specified and J is the energy unit.
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FIG. 3. Spin-spin correlation functions and unconventional order parameters. (a) C12(0), (b) C13(0),
and (c) C11(1) as a function of T as well as (d) C11(L) as a function of L at T = J for four sets of model
parameters. The dashed line in (b) is the trimer energy −J ′′C12(0) − J ′C13(0) − J ′C23(0), shifted up by
|J ′′| for easy reading. J ′′ = −3 unless specified and J is the energy unit.
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FIG. 4. The frustrated 2D models. (a) Brick wall and (b) honeycomb structures with trimer vertical bonds.
They are consistent with the motif that J = 0 reduces the model to decoupled trimers. The crossover from
one to two dimension can be studied with the 2n-horizontal-chain brick-wall lattice or the 2n-zigzag-chain
honeycomb lattice with the periodic boundary condition along the y direction (perpendicular to the chain
direction). The minimal n = 1 case is the present 2-leg ladder model with trimer rungs.
